In this work an analytical model for the computation of thermoelastic losses for piezoelectric resonant rings vibrating in flexural mode is presented. The analytical model is based on the classic dynamic balance equations for ring structures [1] and considers the constitutive equations for piezoelectric and pyroelectric materials. The approximations of this work are based on the recent analysis for thermoelastic beams by Lifshitz and Roukes [6] and its application to isotropic rings in [10] and [11]. This work shows that for isotropic thermoelastic materials the ultimate Q-factor is determined by the geometry of the vibrating ring. However, for piezoelectric and pyroelectric materials the Q-factor is penalized by 15%.
INTRODUCTION
Ring based devices are of great interest for their application in gyroscopes, resonators and switches. Most of these applications require the ring structure to resonate in the first inplane flexural mode (wine glass mode) which requires a high level of symmetry. The performance of devices created by rings is largely dictated by the Quality-factor (Q-factor), which is the ratio of stored energy to the dissipated energy. A high Q-factor is usually associated with high signal to noise ratio (SNR) and reduced phase noise. However previous research has shown that very high Q-factors are sub optimal for some driving electronics [3] , hence control of the Q-factor is also desirable.
Resonant structures may have multiple energy loss mechanisms, and each mechanism has an associated Q-factor. By combining these terms together the ultimate Q-factor may be determined. For ring based devices the dominant energy loss mechanisms and ultimate Q-factor are given in (1 (1) where Q air represents the damping due to air friction, Q anc is the energy lost through the anchors, Q TED represents the losses due to thermoelastic damping, and Q SPM is the energy lost in excitation of spurious modes. For ring resonators at atmospheric pressure Q air and Q anc are usually the dominant dissipation mechanisms. However, vacuum packaging and proper anchor design can significantly decrease these dissipations, making Q TED the dominant energy loss mechanism.
In this work, we extend previously developed models for isotropic beams [5] [6] [7] and rings [10] [11] to include anisotropic and piezoelectric effects for rings. Piezoelectric materials are advantageous since they have higher electromechanical coupling coefficients, linear force actuation and do not require an applied bias voltage [12] . This work focuses on aluminum nitride (AlN) ring resonators, as shown in Figure 1 . AlN is post-CMOS compatible, and may be used to create a variety devices for high levels of integration. As in the isotropic models, Q TED is dependent on the resonator geometrical dimensions. However, it is also found that the Qfactor is penalized by the piezoelectric and pyroelectric properties, corresponding to previous work on piezoelectric beams [13] . In the following tables we report the nomenclature used in this work. Table I list the symbols used in the divergence (2),  Table II list the nomenclature used in the gradient equations, (3)  and Table III shows the symbols used in the constitutive equations (4), (5) and (6) .
EQUATIONS OF LINEAR THERMOPIEZO ELASTICITY

A. Ring Orientation
We consider a ring structure made of aluminum nitride, oriented as showed in Figure 2 . In this model electric field generated between the top and bottom electrode is considered to be uniform and constant across the thickness of the ring. This assumption is a good approximation for thin rings where the fringing field effect is negligible. In order to develop the dynamic equations for the ring, a system of cylindrical coordinates (u r , uϕ, u z ) will be used. 
B. Divergence, gradient and constitutive equations
In order to solve the problem of thermo-piezo-elasticdamping (TPED) we have to consider the divergence and the gradient equations for the thermal, mechanical and electrical field. As in [5] the divergence and the gradient equations are written as follows:
C. Mechanical Domain
The classic equations for ring dynamic can be derived by considering a balance of forces on an infinitesimal element of a curved rod. Following the analysis performed in [1] the following equations are found:
In (7), V represents the shear forces, N the tensile forces and M the bending moment applied at the cross section of the 
infinitesimal element. By eliminating the shearing forces from the first two equations, (7) can be reduced to the following system of two differential equations:
The resulting normal force N and the resulting moment M can be calculated according to the following generic integrals:
Following the kinematic study in [1] , the strain in the tangential direction can be written as following:
In (10) it was assumed that plane sections initially perpendicular to the central axis will remain perpendicular to the central axis. Assuming that all the stresses are negligible except the tangential stresses Tϕϕ the strain can be expressed as follows:
Substituting (10) in (9) and solving for the stress Tϕϕ we get the following expression:
For simplicity's sake in (12) the notation sϕϕ is used in place of sϕϕϕϕ. Equation (12) is an expression for the tangential stresses as function of mechanical, thermal and electrical quantities. This equation can be used to evaluate the total normal force N and bending moment M applied to the cross sectional area the ring resonator. Also, for non piezoelectric materials, (12) is equivalent to the equation considered in [10] . Substituting (12) in (9) we get the following expression for the resulting forces: In order to simplify (13) and (14), one can define the following quantities:
Substituting the above quantities in (13) and (14) Combining (17) and (8) the dynamic equations for a piezo thermoelastic ring resonator are found. In (18), the new dynamic equations are identical to the model considered in [10] and [11] , but contain an additional term representative of the piezoelectric and pyroelectric properties. These equations in (18) are the differential equations for the mechanical domain. In order to obtain a solution for piezo thermoelastic materials we now have to derive the dynamic equations in the electrical domain and the thermal domain.
D. Electrical domain
In order to derive the dynamic equation for the electrical domain, we can start considering the second constitutive equation (5):
For the case of a thin piezoelectric ring, the radial and tangential components of the electric field can be neglected. Assuming that the electric field is uniform and directed along the z-direction, the above constitutive equation can be written in polar coordinates as follows:
Therefore the expression for the tangential stresses (12) and be substituted in (19): In order to derive the dynamic equations for the electrical field, the electrode configuration is considered. As shown in [2] , when the top and bottom electrode are not short circuited, the piezoelectric material will induce charge on the top and bottom electrode which generates an electric field E z . In this case, electric displacement boundary condition is set to zero:
Combining (20) with the boundary condition (21) and solving for the electric field E z , the following expression is found: 
It is noted that the coefficients Γ T and Γ M and (23) are formally identical to the equations derived for a piezo thermoelastic beam [13] .
E. Thermal domain
The constitutive equation relative to the thermal domain is given by (6):
If only the circumferential stress Tϕϕ is non-zero, the above constitutive equation can be written in polar coordinates as follows:
Combining the thermodynamic equations in (2) and (3) and the constitutive equation (24) the following differential equation is found:
In order to find an analytical solution, as in [6] and [8] it is assumed that the thermal gradient along the ring cross section (u r ) is much larger than the thermal gradient in the tangential and vertical direction (uϕ and u z ). These assumptions are good approximations of the thermal field only for low order of finplane flexural vibration as shown in Figure 3 . Furthermore as a boundary condition it is assumed that the temperature gradient is zero on the sidewalls of the ring cross section. In summary we can set the following boundary conditions: 
By using (12) for the tangential stresses and replacing the thermal conductivity κ with:
where K is the thermal diffusivity, the following equation for the thermal domain is found:
where:
Equations (18) together with (23) and (27) form a system of differential equations that can be analytically solved to find the mechanical shape as well as the electrical and thermal fields generated during the ring vibration.
SOLUTION
To solve, the following ansaz functions are considered: (23) and (27) the following time independent expression for the electrical and thermal field generated by the strain is found:
The expression of the electric field (29) can be substituted in (30) to obtain the following differential equation in ψ:
where Ω A and Ω B are given frequency dependent coefficients and are given by:
It is seen that (31) is a differential equation of the function ψ. The solution of (31) can be written as follows: where the constants of integration A and B are found by applying the boundary conditions of the thermal domain. By imposing that the gradient of the temperature is zero on the side walls of the ring, an expression for the temperature field is found: By substituting the solution for the temperature field in (29) we can find an expression for the electric field: 
The four quantities of (15) and (16) 
By comparing (35) with the dynamic equations used in [10] the Young's Modulus stiffening effects of the thermoelastic and piezoelectric components are seen. In (35) Formally, the differential equations of (35) are identical to the classic equations governing the in-plane vibrations of a circular ring for which the natural frequencies are given by [14] :
It should be noted that in order to obtain a solution of the same kind of (37) we the inverse of the compliance term sϕϕ must be constant. This is generally not true for anisotropic materials; however c-oriented Aluminum Nitride is a class 6mm piezoelectric material. This type of material can be considered isotropic in the plane orthogonal to the c-axis. By using D TPED and K TPED in place of D and K in (37) the natural frequencies of the ring can be found. Also, only the frequencies generated by the minus sign are considered in this work, as they are related with transverse deflections of the ring.
QUALITY FACTOR CALCULATION & DISCUSSION
The Q-factor can be calculated according to the following equation: Figure 5 and Figure 6 show the behavior of the inverse of the Q-factor as a function of the width of the ring cross section and the natural frequency of the ring. The Q-factor has a minimum where the thermal time constant of heat conduction is close to the natural frequency of the ring. This model is a generalization of the models proposed in [10] and [11] . When the pyroelectric and piezoelectric effects are set to zero and only the thermo-mechanical properties are considered, the solution coincide with the solution proposed in previous models. Figure 7 shows the Q value for the standard thermoelastic damping model and for the piezo-thermoelastic damping model, for a ring with a target frequency of 3 MHz. As can be seen, the maximum incurred penalty to the Q value incurred by using a piezoelectric material is estimated to be approximately 15%. Figure 8 shows a diagram for use in the design of high Qfactor ring resonators. In this diagram the Q-factor is showed as function of width of the ring cross section and the radius of the ring R. It is seen that the designer has some flexibility in choosing both the target quality factor and resonant frequency of a desired ring shape simply by changing the geometry of the ring. 
CONCLUSION
This work presents an analytical solution to calculate the natural frequency of piezoelectric rings. Using the natural frequency, the quality factor of the rings is estimated, assuming that the ultimate quality factor was limited by piezo thermalelastic damping. It was found that the associated Young's Modulus is stiffer than for the case of an isotropic, thermoelastically damped material. As such, the maximum quality factor is expected to be lower than for isotropic materials. However, there is only a 15% penalty for the worst case scenario, and in most cases, the difference is far less. This higher penalty may be advantageous to the designer as it enables a higher range of Q values which can be achieved by simply changing the ring geometry.
